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Abstract
The Helly convex-set theorem is extended onto topological spaces. From our results it follows
that if there are given m+ 2 convex subsets of an m-dimensional contractible Hausdorff space and
the intersection of each collection of m + 1 the subsets is a nonempty contractible set, then the
intersection of the whole collection of m + 2 subsets is a nonempty set. Our results are stated in
terms of Helly families, the definition of which involves k-connectedness of intersections of m− k
sets for k =−1,0, . . . ,m− 1.  2001 Elsevier Science B.V. All rights reserved.
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Introduction
Helly’s theorem on the intersection of convex sets states that if there are given m + 2
convex subsets of n-dimensional Euclidean space Rn with m  n, and if each collection
of n+ 1 of the subsets has a point in common then there is a common point of the m+ 2
subsets.
This theorem was discovered by Helly in 1913 and communicated by him to Radon
who published a first proof in 1921. The Helly theorem stands at the origin of what is
known today as the combinatorial geometry of convex sets. It has numerous applications.
For recent account of results related to the Helly theorem and its applications we refer the
reader to [3].
In 1993 Chichilnisky [1] in her expository article using methods of algebraic topology
obtained some extensions of the Helly theorem. Furthermore, she gave very interesting
applications of her results in economics regarding the existence of market equilibrium and
the existence of social choice functions.
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In this paper we strengthen the Chichilnisky generalization of the Helly theorem. Our
main tool is the Brouwer fixed point theorem (1912) which appears here in an equivalent
form as lemma on indexed covering (some applications of the lemma to the fixed point
theory are given in [6]). Let us recall that the Brouwer fixed point theorem was a main
mathematical tool in Nash’s papers, for which he won a Nobel prize in economics
(see [7,2]). Our paper places the Helly theorem and its topological extensions in the stream
of consequences and applications of the Brouwer theorem, that precedes the theorem of
Helly. In fact, the Brouwer theorem is an immediate consequence of the Poincaré theorem
announced in 1883 (see [4,5]).
We shall use notation [p0, . . . , pn] := conv{p0, . . . , pn} for n-dimensional geometric
simplex spanned by vertices pi , where the points p0, . . . , pn are affinely independent.
Each point x ∈ [p0, . . . , pn] is uniquely determined by its barycentric coordinates ti , x =∑
tipi ,
∑
ti = 1, ti  0. A k-dimensional simplex spanned by any k+1 of the vertices pi
of a simplex S = [p0, . . . , pn] is called a k-face of S. The union of all k-faces of the simplex
S is called the k-skeleton of S and the (n − 1)-skeleton of an n-dimensional simplex
S = [p0, . . . , pn] is said to be its geometric boundary ∂S =⋃ni=0[p0, . . . , p̂i , . . . , pn],
where
[p0, . . . , p̂i , . . . , pn] := [p0, . . . , pi−1,pi+1, . . . , pn].
A topological space X is said to be k-connected, X ∈ Ck , if each continuous map
f : ∂S→X from the boundary of an (k + 1)-dimensional simplex into X, k = 0,1,2, . . . ,
has a continuous extension over S; F :S→ X, F |∂S = f . Each nonempty space (set) is
said to be (−1)-connected. If X is k-connected for each k = 0,1, . . . , then X is said to be
∞-connected.
The following statements are equivalent (cf. Spanier [8, Theorem 1.3.12]):
(a) Each continuous map f : ∂Q→X from the boundary of a ball Q ⊂ Rk, k = 1,2,
. . . , is homotopic to a constant map.
(b) Each continuous map f : ∂Q→X from the boundary of a ball Q has a continuous
extension over the ball Q.
A space X is said to be contractible if the identity map idX :X→ X is homotopic to
a constant map, i.e., there is a continuous map H :X× [0,1]→X such that H(x,0)= x
and H(x,1)= c for each x ∈X.
Each contractible space is ∞-connected. (Cf. Spanier [5, Theorem 1.3.13].)
Any continuous map σ : [p0, . . . , pn] → X into topological space X is said to be a
singular simplex contained in X.
The following lemma can be obtained from the Brouwer fixed point theorem (cf. [4]).
Lemma on indexed covering. Let {Uj : j ∈ J }, where J = {0, . . . , n}, be an open (closed)
covering of a topological space X and σ : [p0, . . . , pn]→X a singular simplex. Then there
exists a nonempty set of indices I ⊂ J such that
σ
(
conv{pi : i ∈ I }
)∩⋂{Ui : i ∈ I } = ∅.
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Proof. Let us put S := [p0, . . . , pn] = conv{pj : j ∈ J }. It suffices to prove the theorem
for subsets of S of the form Aj := σ−1(Uj ), j ∈ J .
(I) Assume that the sets Aj are open and let us define a continuous map f :S→ S;
f (x)=
n∑
i=0
di(x)
d(x)
pi, where di(x) := inf
{‖x − y‖: y ∈ S \Ai}, d(x)= n∑
i=0
di(x).
Since the sets Aj form an open covering of the simplex S, therefore d(x) > 0 for each
point x ∈ S. According to the Brouwer fixed point theorem there exists a point a ∈ S such
that f (a)= a. Let us put I = {i ∈ J : di(a) > 0}. It is clear that
a ∈ conv{pi : i ∈ I } ∩
⋂
{Ai : i ∈ I }.
(II) Assume now, that the sets Aj are closed and define, for each m= 1,2, . . . , open sets
Bmj :=
{
x ∈ S: ‖x − a‖< 1
m
for some a ∈Aj
}
.
From the part (I) it follows that for each m= 1,2, . . . there exists a set Im ⊂ J and a point
am ∈ S such that
am ∈ conv{pi : i ∈ Im} ∩
⋂{
Bmi : i ∈ Im
}
.
Since the family of distinct sets Im is finite and the simplex S is compact, there exists an
infinite subset M ⊂N such that for each m ∈M we have
Im = I and lim
m∈M am = a ∈ S.
Hence a ∈ conv{pi : i ∈ I } ∩⋂{Ai : i ∈ I }. ✷
Definition. A family C = {Cj : j ∈ J } of cardinality m+ 2, |J | =m+ 2, of subsets of a
topological space X is said to be a Helly family if the following condition holds;
H(m) For each proper subset I ⊂ J of cardinality k, |I | = k, where k = 1, . . . ,m+ 1,
the intersection
⋂{Cj : j ∈ J \ I } is a nonempty (k − 2)-connected set.
Observation. The following families are Helly families:
(a) the family of all (n− 1)-faces of an n-dimensional geometric simplex;
(b) any finite family C of convex subsets of a vector space such that each proper
subfamily D ⊂ C has a nonempty intersection;
(c) any finite subfamily C of ∞-connected (contractible) subsets such that the
intersection
⋂D of each proper subfamily D ⊂ C is a nonempty ∞-connected
(contractible) set.
Lemma 1. If C = {Cj : j ∈ J }, |C| =m+2, is a Helly family of subsets of an m-connected
space X, then there exists an (m+ 1)-dimensional singular simplex σ : [p0, . . . , pm+1]→
X such that for each nonempty proper subset I ⊂ J the following inclusion holds:
σ
(
conv{pi : i ∈ I }
)⊂⋂{Cj : j ∈ J \ I }.
230 W. Kulpa / Topology and its Applications 116 (2001) 227–233
Proof. Let us assume that the family C = {Cj : j ∈ J }, J = {0, . . . ,m+ 1}, of subsets of
X satisfies the condition H(m). Fix an arbitrary (m+ 1)-dimensional geometric simplex
S = [p0, . . . , pm+1] and for a given subset I = {i0, . . . , ik} ⊂ J let us denote by SI the
corresponding face of the simplex S:
SI := [pi0 , . . . , pik ] = conv{pi : i ∈ I }.
We shall describe, by induction on the i-skeleton of S, a continuous map σ :S→X such
that
σ(SI )⊂WI , where WI :=
⋂
{Cj : j ∈ J \ I }. (1)
Step 0. The condition H(m) for |I | = 1 implies that the sets WI are nonempty. For each
j ∈ J , choose a point
xj ∈W{j} = C0 ∩ · · · ∩Cj−1 ∩Cj+1 ∩ · · · ∩Cm+1
and set σ(pj ) := xj . Thus we have defined the map σ on 0-skeleton of S.
Now, the map σ will be well-defined if we show how to extend σ over a face SI , |I | 2,
having just defined σ on the boundary ∂SI .
Step 1. For each 2-element set I = {i, j } ⊂ J take a continuous map σ : [pi,pj ] →WI
such that σ(pi) = xi and σ(pj ) = xj , i.e., σ is a continuous extension of the map
σ |∂[pi,pj ]. Such a σ exists since xi, xj ∈WI , and the set WI is path-connected (0-con-
nected). This completes a description of the map σ on 1-skeleton of the simplex S.
Step (k + 1). k < m, fix I ⊂ J with |I | = k + 2. Assume that we have defined a
continuous map σ on the k-skeleton of the simplex S. From the implication M ⊂ I ⇒
WM ⊂WI and the inductive assumption (1) we deduce that⋃{
σ(SM): M ⊂ I, |M| = k + 1
}⊂WI . (2)
Since the set WI is k-connected and ∂SI =⋃{SM : M ⊂ I, |M| = k + 1}, it is possible
to extend σ continuously over SI .
Step (m+ 1). Now, we may assume that we have defined a continuous map σ : ∂S→X
such that the condition (1) holds. According to the assumption that X is m-connected we
can extend σ continuously over the simplex S. This completes our inductive construction
of the map σ . The proof is completed. ✷
Theorem 1. Let C = {C0, . . . ,Cm+1} be a Helly family of subsets of an m-connected space
X. Then for each open (closed) covering U = {U0, . . . ,Um+1} of X such that
Cj ⊂Uj for each j = 0, . . . ,m+ 1,
the intersection
⋂U is a nonempty set.
Proof. Let the families C = {Cj : j ∈ J } and U = {Uj : j ∈ J }, where J = {0, . . . ,m+ 1},
satisfy the assumptions of the theorem. According to Lemma 1 there is a singular simplex
σ : [p0, . . . , pm+1]→X such that for each nonempty proper subset I ⊂ J ;
σ
(
conv{pi : i ∈ I }
)⊂⋂{Cj : j ∈ J \ I }. (3)
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From the lemma on indexed covering there is a nonempty set I ⊂ J such that
σ
(
conv{pi : i ∈ I }
)∩⋂{Ui : i ∈ I } = ∅. (4)
If I = J then the theorem is proved. If not, then from (3), (4) and the assumption
Cj ⊂ Uj we infer that σ(conv{pi : i ∈ I }) ∩ ⋂{Uj : j ∈ J } = ∅. This completes the
proof. ✷
Theorem 1 plays a crucial role in our further considerations. First, let us establish con-
nections of this theorem with non-retraction and fixed point theorems.
Non-retraction theorem. Let C = {C0, . . . ,Cm+1} be a Helly family of closed subsets of
an m-connected topological space X. Set C :=⋃C and assume that⋂C = ∅. Then there
is no continuous map f :X→C such that
f (Cj )⊂ Cj for each j = 0, . . . ,m+ 1.
In particular, the identity map idC :C→ C has no continuous extension over X.
Proof. Suppose that such a map f :X→ C exists. Then, according to Theorem 1 there
is a point c ∈⋂{f−1(Cj ): j = 0, . . . ,m+ 1}. It is clear that f (c) ∈⋂C , a contradiction
with
⋂C = ∅. ✷
For any point x = (x1, . . . , xn) ∈Rn let us denote by
|x| :=
n∑
i=1
|xi |.
Equilibrium theorem. Let {C0, . . . ,Cm+1} be a Helly family of subsets of an m-
connected topological space X and let f :X → [0,∞)m+2, f = (f0, . . . , fm+1), be a
continuous map such that
fj (Cj )= {0} for each j = 0, . . . ,m+ 1.
Then for each continuous map g :X→[0,∞)m+2, g = (g0, . . . , gm+1), there exists a point
c ∈X such that∣∣f (c)∣∣ · g(c)= f (c) · ∣∣g(c)∣∣.
Proof. Let Uj := {x ∈X: fj (x) · |g(x)| |f (x)| ·gj (x)}. Note that X =U0∪· · ·∪Um+1,
because if not, then for x ∈X \ (U0 ∪ · · · ∪Um+1) we have:
∣∣f (x)∣∣ · ∣∣g(x)∣∣= m+1∑
j=0
fj (x) ·
∣∣g(x)∣∣> m+1∑
j=0
∣∣f (x)∣∣ · gj (x)= ∣∣f (x)∣∣ · ∣∣g(x)∣∣,
a contradiction.
The family U := {U0, . . . ,Um+1} of closed subsets of X satisfies the assumptions of
Theorem 1 and therefore there exists a point c ∈⋂U . A similar reasoning as above leads
to the equality; |f (c)| · g(c)= f (c) · |g(c)|. ✷
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Equilibrium theorem is an extension of the Brouwer fixed point theorem. To see this,
consider the standard (m+ 1)-dimensional simplex S := {x ∈ [0,∞)m+2: |x| = 1}. The
family of the all m-faces Sj := {x ∈ S: xj = 0} is a Helly family. Fix an arbitrary
continuous map g :S→ S. Applying the Equilibrium theorem to the identity map f :S→
S we get a point c ∈ S such that |f (c)| · g(c)= f (c) · |g(c)|. Since |f (c)| = |g(c)| = 1 we
have g(c)= c. Other applications of the Equilibrium theorem are given in [6].
Theorem 2. Let C = {C0, . . . ,Cm+1} be a Helly family of subsets of an m-connected space
X. Then for each open (closed) covering U = {U0, . . . ,Um+1} of X such that
Cj ∩Uj = ∅ for each j = 0, . . . ,m+ 1,
the intersection
⋂U is a nonempty set.
Proof. Suppose that
⋂U = ∅. Then the family {X \ U0, . . . ,X \ Um+1} satisfies the
assumptions of Theorem 1; Cj ⊂X \Uj , and therefore⋂{X \Uj : j = 0, . . . ,m+1} = ∅.
This contradicts the fact
⋃U =X. ✷
Corollary. If {A0, . . . ,An} is an open (closed) covering of an n-dimensional simplex
S = [p0, . . . , pn] such that
Ai ∩ Si = ∅, where Si := [p0, . . . , p̂i , . . . , pn] for i = 0, . . . , n,
then the intersection A0 ∩ · · · ∩An is nonempty.
Let us recall the definition of the Lebesgue covering dimension of a topological spaceX;
dimX  n provided that for each open finite covering W of X there exists an open
covering U of order  n and being a refinement of W (i.e., sup{|{U ∈ U : x ∈ U}|: x ∈
X} n+ 1 and for each U ∈ U there is W ∈W such that U ⊂W ).
Lemma on collapse of a singular simplex. If σ : [p0, . . . , pn]→X is a singular simplex
in a Hausdorff space X with dimX < n, then the intersection ⋂{σ [p0, . . . , p̂i , . . . , pn]:
i = 0, . . . , n} is a nonempty set.
Proof. Suppose, contrary to our claim that σ(S0) ∩ · · · ∩ σ(Sn) = ∅, where Si :=
[p0, . . . , p̂i , . . . , pn]. Then the family W = {W0, . . . ,Wn}, where Wi := X \ Si , is an
open covering of X. Let U = {Ut : t ∈ T } be an arbitrary open covering of X which is a
refinement of W (i.e., for each Ut there is Wi such that Ut ⊂Wi ). Fix a function of choice
ϕ :T → {0, . . . , n} such that Ut ⊂Wϕ(t) for each t ∈ T . Letting Ai :=⋃{σ−1(Ut ): t ∈
ϕ−1(i)} we obtain an open covering {A0, . . . ,An} of the simplex S = [p0, . . . , pn] such
that Ai ∩ Si = ∅ for each i  n. According to corollary there is a point c ∈A0 ∩ · · · ∩An.
Hence |{t ∈ T : σ(c) ∈Ut }| n+ 1. But this means that dimX  n, a contradiction. ✷
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Let us note that, since the Euclidean space Rn contains an n-dimensional geometric
simplex which does not collapse, the lemma immediately implies the Lebesgue theorem
stating that dimRn  n.
Theorem on collapse of a Helly family. Let C = {Cj : j = 0, . . . ,m+1} be a Helly family
of subsets of anm-connected Hausdorff spaceX. Then for each continuous map f :X→ Y
with dimY m, the intersection
⋂{f (Cj ): j = 0, . . . ,m+ 1} is a nonempty set.
Proof. Fix an (m+1)-dimensional singular simplex σ : [p0, . . . , pm+1]→X such that for
each nonempty proper subset I ⊂ J (see Lemma 1);
σ
(
conv{pi : i ∈ I }
)⊂⋂{Cj : j ∈ J \ I }. (5)
From (5) for |I | =m+ 1, we infer that
σ [p0, . . . , p̂j , . . . , pm+1] ⊂ Cj for each j ∈ J. (6)
Set η := f ◦σ . Applying lemma on a collapse of a singular simplex we get a point c ∈ Y
such that:
c ∈
⋂{
η[p0, . . . , p̂j , . . . , pm+1]: j ∈ J
}
. (7)
From (6) and (7) we obtain; c ∈ ⋂{f (Cj ): j = 0, . . . ,m + 1}. This completes the
proof. ✷
If f is the identity map idX then we obtain
Corollary. If C with |C| =m+ 2 is a Helly family of subsets of an m-connected Hausdorff
space X with dimX m, then the intersection
⋂C is a nonempty set.
Corollary. Let C with |C| =m+ 2 be a family of ∞-connected (contractible) subsets of a
∞-connected (contractible) Hausdorff space X with dimX m, such that the intersection
of each subfamily of C consisting at most of m + 1 subsets is a nonempty ∞-connected
(contractible) set. Then the intersection ⋂C is a nonempty set.
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